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Abstract: Applying supersymmetric localization for snperstring worldsheet theory 
with Af = (1,1) supersymmetries on a cylinder and with arbitrary boundary inter¬ 
actions, we find the most general formula for the Ramond-Ramond (RR) coupling of 
D-branes. We allow all massive excitations of open snperstrings, and find that only 
a finite number of them can contribute to the formula. The formula is written by 
Quillen’s snperconnection which includes higher form gauge fields, and the resultant 
general Chern-Simons terms are consistent with RR charge quantization. Apply¬ 
ing the formula to boundary string field theory of a BPS D9-brane or a D9-antiD9 
brane system, we find that any D9-brane creation via massive mode condensation is 
impossible. 
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1. Introduction: Most general Ramond-Ramond charge for¬ 
mula 

Identifying the Ramond-Ramond (RR) coupling of D-branes in superstring theory 
was the ignition of the second revolution by J. Polchinski [1]. Since then, tremendous 
amount of research has been carried out based on the D-brane RR-charge formula: 
the coupling between the RR held in the bulk and the massless open string degrees 
of freedom on multiple Dp-branes is [2, 3] 

Srh = r, E / cS'’ A TV (11) 

P 

where F = dA — iA? is a two-form held strength of a massless Yang-Mills gauge held 
on the D-branes. Tq is the tension of a Dg-brane and is the RR (p -|- l)-form 

held, where p is an odd (even) integer for type IIB (IIA) superstring theory. Since 
the RR coupling formula (1.1) generates Chern characters for the Yang-Mills helds, 
the formula is consistent with RR charge quantization. 

The full structure of the RR charge formula has not been addressed, because of 
complexity of the string excitations. In fact, the formula (1.1) should be able to be 
generalized to include all the open string excitations, even if we restrict our attention 
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to the lowest tree-level in perturbation of string theory (that is a disk amplitude). In 
this paper, we provide a completely general formula for the RR coupling of D-branes, 
with arbitrary number of all massive open string excitations. 

A part of the generalized RR coupling was widely known [4, 5] in the context of 
tachyon condensation in string theory. Starting with a pair of a D-brane and an anti- 
D-brane (or a non-BPS D-brane), one can include tachyon modes in addition to the 
massless modes. The RR coupling formula including the tachyon modes was given 
in the context of boundary string field theory (BSFT) [6]. For superstring theory, 
the action of the off-shell open string field theory is given by just a disk partition 
function with arbitrary boundary vertex insertions allowed [7, 8, 9]. The resultant 
RR coupling formula is written with the Yang-Mills fields and the tachyon fields, and 
it was used to show Sen’s conjecture [10, 11, 12, 13, 14] on D-brane annihilation via 
tachyon condensation.^ 

Any non-perturbative formulation of superstring theory needs to be capable of 
describing a D-brane creation, as well as the D-brane annihilation. As one can naively 
guess, to describe a D-brane creation, it is plausible to have a condensation of open 
string massive modes, rather than the tachyon condensation. The mass squared of 
the open string modes signals the direction of the energy uplift / decrease. So, to 
investigate whether open superstring theory can describe multiple D-brane creation 
in its off-shell configuration space or not, we need to generalize the previously known 
RR charge formula (1.1) and an analogous one including the tachyons, to the one 
with all massive open string modes.^ 

The necessary technique to calculate the most general RR charge formula is 
indeed ready, thanks to the recent developments on supersymmetric localization 
technique. (See, for example, [18]-[38]. For manifolds with boundaries, see [39]-[42].) 
As we mentioned, the RR charge formula at off-shell superstring theory is nothing 
but a worldsheet partition function. We apply the supersymmetric localization to 
the supersymmetric worldsheet theory with arbitrary number of arbitrary massive 
open string interactions at the worldsheet boundary. 

The type II superstring worldsheet theory has W = (1,1) supersymmetries. We 
are interested in a fiat target space-time for the moment, as we need to know what 
is the RR field configuration; at the flat spacetime, the RR field can be constant, 
which suits our purpose. Therefore the worldsheet theory has just chiral multiplets 
in 1-1-1 dimensions. Nevertheless, we need to allow arbitrary interactions at the 
worldsheet boundary, which breaks only a half of the A/" = (1,1) supersymmetries 
on the worldsheet. We develop the localization technique for the theory and obtain 
an exact partition function with the arbitrary boundary interactions.^ Resultantly, 

^In the BSFT, the decent relations in the Sen’s conjecture were also proved [15]. 

treatment of all massive open string modes in BSFT was studied in detail in [16]. For a 
bosonic BSFT, condensation of massive modes was analyzed in [17]. 

^Note that these generically break the space-time SUSY. 
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we obtain the most general RR charge formula : 

Srh = T,'£ f 4"+'' A Str (1.2) 

P 

This most general RR charge formula is written beautifully in terms of Quillen’s su¬ 
perconnection A [43, 44], with the held strength T = dA — iA?. The superconnection 
includes higher form helds which are massive open superstring excitations. It also 
includes tachyon part for the case of the D9-antiD9 system which was conjectured 
in [45] and derived in [4, 5]. 

The open superstring massive modes show up in our general RR charge formula 
such that the quantization of the RR charge is ensured. This is natural but surprising, 
as only a limited number of open string excitation modes can enter the RR charge 
formula. In fact, only a hnite number of all the massive modes can appear in the 
general formula. For the RR charge formula for a BPS D-brane, only hve of them 
(including the massless modes) show up. 

From the exact partition function of the string worldsheet as a boundary super¬ 
string field theory, we can provide a proof of no D9-brane creation, starting from a 
D9-brane, or a D9-antiD9 pair. So, even with massive field condensation, one never 
obtains a creation of the D9-brane in the context of BSFT. 

The organization of this paper is as follows. In section 2, we provide a supersym¬ 
metric localization for the A/” = (1, l)-supersymmetric worldsheet theory with chiral 
matter multiplets. Then in section 3, we study the generic boundary interaction 
of the worldsheet with the localization, and find that it is impossible to generate a 
D9-brane charge starting from a single BPS D9-brane or from a D9-antiD9 pair. In 
section 4, we provide the most general RR charge formula with arbitrary massive 
open string excitations, and describe its relevance to Quillen’s superconnection. 

2. Localization in (1, l)-supersyninietric worldsheet theory 

The localization computation in Euclidean 2-dimension space has been considered 
for M = (2,2) SUSY theories. Here, we will consider an A/" = (1,1) SUSY theory 
on a 2-dimensional flat cylinder with a finite length.^ In this setting, we can include 
all fluctuations on D-branes, which are not needed to be space-time supersymmetric. 
We will take the notations and conventions which are used in the Polchinski’s text 
book and we will take a' = 2 below. In the 2d bulk which is assumed to be flat, we 

^Superstring partition functions at tree level are considered with a disk worldsheet. In this 
paper we treat cylinder instead of the disk as in [15], because the SUSY boundary conditions are 
simple. With appropriate boundary conditions, the disk and cylinder partition functions gives a 
same result for the on-shell space-time fields which correspond to conformal boundary interactions. 
For the off-shell fields, we need a field redefinition. 
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have a following bosonic snperfield: 


+ + ie^^+ eeF^, ( 2 . 1 ) 

where 0 and 9 are independent 1-component fermionic coordinates. The SUSY op¬ 
erators are Q = 8 $ — 9dz and Q = 80 — 98z- The operators D = 80 + 98z and 
D = 80 + 98z commute with Q and Q. Then, the SUSY transformation of X^ is 
explicitly given by 

5X^ = 

= -ie 8 zX^ - ieF^, 

5^!^ = -ie 8 zX>^ + 

8F^ = -ie8zV + ie8zi;^, (2.2) 


where 2 ; = rFic and r is the periodic coordinate of of the cylinder with the period 
27r. For the bulk 2d action, we can take general non-linear sigma model action of 
X^, but here for simplicity we consider a conventional superstring action 


>Sworldsheet / dzdz 


8zX^8zX^ + + ^^^^8ztl^^ + tl)^ 8 zV 


(2.3) 


At the boundary corresponding to the D-branes, a half of SUSY should be broken. 
We will take the unbroken SUSY such that e = e. For this SUSY, we have 


= -ie{ 8 zX^ F F^), 

dF^ = -ie{ 8 zV - (2.4) 


A boundary condition which is consistent with this SUSY is 

a,A'^|b = 0, (r-r)|b = 0, a,(r + r)|b = 0, F^|b = 0, (2.5) 


which is an off-shell extension of the Neumann boundary condition, i.e. bound¬ 
ary condition for the D9-branes (and anti-D9-branes).^ At the boundary with this 
Neumann boundary condition, the SUSY transformations for the non-zero fields are 


SX'^ = 

Sxpi^ = -ie8rX'^, ( 2 . 6 ) 

®With the on-shell condition for the free bulk theory, this set of the boundary conditions (2.5) 
is equivalent to the usual Neumann boundary condition of the superstring. Instead of (2.5), 
one can find a different set of boundary conditions which is consistent with SUSY: = 

0, -h b^)|b = 0. If we further impose {tpQ — V’ollb = 0, where tpo = f drip, then this set of 

the boundary conditions is consistent with SUSY and is equivalent to the usual boundary condition 
of the superstring at on-shell. We are allowed to use this instead of (2.5). 
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where . Then, we can easily see that the bonndary interactions con¬ 

structed from the superfield including 

X^ = Xf^ + i9^i>ip (2.7) 

and Db = + 9bdr are invariant under the SUSY Qb = — 9bdr- Here the super¬ 

coordinates are r and 9^, = {9 + 9)/2. In this way, we can consider an arbitrary 
boundary interaction which preserves the half of the world sheet SUSY. 

At the other boundary of the cylinder we will put the following boundary con¬ 
dition which is consistent with the SUSY: 

0 = 5^^nlb' =55^-n|b' =5^(C + C)lb' =55(^-n + '0-n)|b', fom > 0 (2.8) 

where X!p = f With the on-shell condition for the free theory, i.e. 0 = 

dzdzX = dz'ip = dzpJ = F, we can see that this boundary condition corresponds to the 
closed string vacua |0 )rr in the RR sector because the raising operators correspond 
to the positive modes of dz{*) and the negative modes of 92(*).® We can also insert 
the fermion zero modes ipQ = ^ f dT{'ip^ + 'ip^) which are SUSY invariants at the 
boundary. Then, the insertion of the following 

E (2.9) 

p=odd 

corresponds to the RR state |C')rr where 

c = ^ CI-+9. C<-+'> = (2.10) 

p=odd ^ ■ 

is the background constant RR {p + l)-form [4]. 

Now our field theory on the cylinder is SUSY invariant, thus we can use the 
localization technique. We define 

V = (5^^) 

= i(dzX^ + F'^)7P'^ + iidzXf^ - ( 2 . 11 ) 

then S f drdaSV = f drdadrV = 0 and 

^ 1 ^ = 2 . {a.x^8.x^. F rB.r f re.r f . ( 2 . 12 ) 

Unstead this, we can also take 0 = = dz'tplpW = dz'ipip\h' = djV’-nIb' = 

dz'pPnW = {{dz-dz)dzX+2dzF)n\h' = {{dz-dz)dzX+2dzF)_n\h' (for n > 0) which is consistent 
with SUSY and equivalent to the closed string vacua with the on-shell condition for the free theory. 
Note that the both of the boundary conditions are not consistent with the SUSY with e ^ e. 
However, at the on-shell this corresponds to the closed string vacua, thus there is no real problem 
and this will be an artifact of extending to the off-shell SUSY. 
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is the usual free massless action (where the last term vanish with the boundary 
conditions and the saddle point equations). By adding the regnlator action 


'reg 



t / dr da 5V\e=i 


(2.13) 


and taking t —>■ oo limit, we hnd saddle point equations 


0 = 


(2.14) 


and 


0 = d^ii = 9 #" . 


(2.15) 


The latter means that the non-zero modes of the fermions can be pnt to be zero, 
since a rescaling of the fermions in the regnlator action (2.13) to have a canonical 
kinetic term has the eqnations of motion (2.15). 

The 1-loop determinant around the locus is trivial because the zero modes do not 
couple to the non-zero modes in the regnlator action. Therefore, the snpersymmetric 
localization tells us that in the evaluation of the partition fnnction and physical 
observables we can drop the non-zero modes and can consider only the zero modes. 

3. No creation of more D-branes 
3.1 The question 

Our interest here is whether one can climb up the potential hill in the BSFT, to 
obtain a solution of the BSFT representing multiple D-branes, starting from a single 
D-brane. To be concrete, we consider only D9-branes as a starting point for the 
BSFT action. These include a BPS D9-brane, and a pair of a D9-brane and an 
anti-D9-brane (brane-antibrane pair). 

First, we need to summarize what we have seen for the localization. After the 
localization, the vacnnm expectation valne of any supersymmetric operator at the 
worldsheet boundary can be evaluated at the localization locns, 


X'^(t) = 0, V'''('r) = 0. 


(3.1) 


The dot denotes a derivative with respective to the bonndary coordinate r of the 
worldsheet. /r runs from 0 to 9 labeling the target spacetime dimensions. In the 
following we omit the sulRx “b” for Xb, and -i/ib in (2.7). 

The generic bonndary interaction is written in terms of the superfield in 1 di¬ 
mension (the boundary of the worldsheet). 


= A:^(r) + )i0r/i^(T) 


(3.2) 
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Figure 1: A schematic picture of the question of the D-brane creation. For the right part, 
a popular (and proven) D-brane annihilation by the tachyon condensation is shown. The 
left part is our question. To create multiple D-branes, more energy is necessary for the 
D-brane tensions, thus a condensation of massive modes G which climbs up the potential 
hill would be naturally expected. 

and we allow arbitrary supersymmetric vertex operators, as BSFT is defined as a 
complete set of them. 

Our aim is to show whether multiple D-branes can be created in the BSFT or 
not. We already know that the tachyon condensation can make a D-brane vanish, 
but the problem here is to see whether one can create one more unit of the D-brane 
charge by a condensation of some massive modes of string theory. See Fig. 1. We 
define “seeing the creation” by looking at the total D-brane charge. So, for example, 
creation of a brane-antibrane pair cannot be detected by our formalism. 

Of course, it is easy to create a charge of a D-brane with different spatial world 
volume dimensions. For example, it is well-known that, on a BPS D-brane, turning 
on a constant magnetic field results in a different D-brane charge (of a D-brane with 
lower dimensions). So the question of our concern is: let us start with a D9-brane, 
and with a condensation of massive modes on the D9-brane, can we create a charge 
of multiple D9-branes? 

There are two possible starting points. The first one is a single BPS D9-brane. 
The second one is a pair of BPS D9-brane and anti-D9-brane. The latter was used 
for the tachyon condensation giving the annihilation of the pair [5]. But in fact, for 
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our purpose, nothing can prevent us from analyzing the first case. We check whether 
string theory can have a power to obtain multiple D-brane charges starting from the 
(naive) Hilbert space of a single D-brane. 


3.2 BSFT for a BPS D9-brane 

First, let us investigate the case of a single BPS D9-brane. The question is — can 
we create another D9-brane by making a condensation of massive modes on the BPS 
D9-brane? 

It would be instructive to review what would happen to the condensation of a 
massless mode. Later we will consider a massive mode, and study the generic case. 
The massless mode of an open string is the photon vertex operator. 


h = 


f clTcie (-iD«X''7l„|X]) . 


(3.3) 


If we make an integration of the boundary 6 coordinate, we obtain 

/b = Jdr (^-iX'^A^iX] + ■ (3.4) 

The BSFT action for the RR sector is nothing but the partition function of the 
worldsheet theory with some fermion zero modes corresponding to the background 
RR-forms, so basically we evaluate the expectation value of the operator exp[—/ b]. 
When evaluating the expectation value (VEV), we use the localization. The locus 
satisfies (3.1), so we substitute (3.1) into the boundary interaction, to have 


(e = A/" exp 



/ 


dr 


(3.5) 


Note that the VEV ( ) is defined for massive modes, and the zero modes Ao and Xq 
are not integrated yet. The overall constant A/" is can be evaluated by the localization 
explicitly but here we do not need it, as it will be a normalization of the RR charge. 

The expression (3.5) is a well-known formula for the RR charge. If the field 
strength F^i, of the photon is constant, the expansion of the exponential form of 
(3.5) in terms of the field strength supplies multiple fermionic zero modes. Those 
zero modes are cancelled precisely by the RR vertex insertion, so we obtain lower 
dimensional D-brane charges. Note here that after the expansion of the exponential, 
the first term (the term without the fermion zero mode) is of course the unity. It 
means that the boundary state given by this boundary deformation has a unit RR 
charge for the D9-brane, in addition to the lower dimensional D-brane charges. So, 
we see here that the photon condensation can never give a RR charge of multiple D9- 
branes if we start from a D9-brane. The condensation is accompanied with fermionic 
zero modes Ao in (3.5), thus creating only lower dimensional D-brane charges. 




Next, let us visit an example of a concrete massive state. We consider a vertex 
for the first massive state on the BPS D9-brane (see for example [16]). The vertex 
is represented by a boundary action of the worldsheet, 

Ib = j drdO {DgX^^DeX’^DeX^V^,p[X] 

+ DlX^S^[X\) . (3.6) 


Here normally the arbitrary function V, W and S can be expanded by plane waves, 
and the indices fi, u and p provides the polarization of the states. One can show that 
Sfj, and the anti-symmetric part of can be gauged away. So we need to consider 
only the symmetric part of and the antisymmetric V^^p. 

Since the expression /b is explicitly written only by the super field X, the state 
is supersymmetric. After making the integration of the boundary fermion coordinate 
9, one obtains I-q = /B[kP] + IbW] with [16] 


ftUr] = / 

^B[r] = J 


dr 


x^rrdpWp,{x) + (x'^x’' - rr)Wp.{x) 


dr 




(3.7) 

(3.8) 


Now, let us consider a condensation of the massive mode. This means that we 
have 


W(^,)(Ao) 7^0, V]^,p](Ao)7^0. (3.9) 

Our interest is, for this condensation, whether we can have a RR-charge of the D9- 
brane or not. To evaluate the VEV of let us substitute the localization locus 
condition (3.1) into the bonndary action. We obtain 


= dr 


(3.10) 


locus 


It is obvious that this result has the same property as the case of the photon (3.5). 
All the condensation fields are accompanied by the fermion zero modes 'tpo, so they 
merely gives lower-dimensional D-brane charges. They never create the additional 
D9-brane charge. 

After examining some examples, we can come to a generic statement. On the 
BPS D9-brane, generic boundary action can be written as 


Ib= JdTd9 U^,r^,A^]iDeXriiDefxr^---iiDg)^^^ (3.11) 

ni,n2,-' 


Using the component expression, we find 


DgX = iid + eX, D‘^pX = X + i0id, ••• (3.12) 
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and 


flx] = f{x) + ,$i,aflx], 


(3.13) 


Then the boundary integral dO is performed, under the condition of the localization 
locus (3.1), to give 


Ib 


locus 


/"dT 9g„,[A'ci](V>ci)”‘+' 


(3.14) 


where = /ni,n 2 =n 3 =n 4 = -=o- This is because only has a component without 
the time derivative, and the other with k > 2 vanishes due to (3.1). Since 

rii is a non-negative integer, the resultant (3.14) includes at least one fermionic zero 
mode 'ipQ. Therefore, any condensation gives only lower-dimensional RR charges. 
This concludes a proof that, on a BPS D9-brane, condensation of any open string 
massive mode cannot change the D9-brane RR charge. Hence the BSFT cannot 
accommodate a D-brane creation starting from a single BPS D-brane. 


3.3 BSFT for a D9-antiD9 pair 

For the case of a pair of a D9-brane and an anti-D9-brane, we can generalize the proof 
found in the previous subsection. The BSFT action for a brane-antibrane was found 
in [5] and [4]. For the boundary interaction, the difference from the BPS D-brane 
studied above is just the inclusion of a fermionic boundary superfield 

r = gir) + OFir ). (3.15) 

For the brane-antibrane pair, this field is complex, while for a non-BPS D-brane, this 
field is taken to be real [46] (see also [47, 48]). 

Originally the boundary field g was introduced by Witten [49] for the purpose of 
giving a Chan-Paton factor to represent the non-BPS D-brane before a worldsheet 
projection. So the inclusion of this F in the boundary interaction is basically just 
linear. The field F{t) is an auxiliary field, since the kinetic term for this boundary 
superfield is 

Sr^- J drde TDeV = j dr [gg - FF] . (3.16) 

Now, let us write a generic boundary interaction as before, with a possible linear 
component in F, as^ 

Ib= jdTderg^,,r^,AMD 0 XriDlXr^---iD^,Xr’^-^ c.c. 

ni,n2,--- 

+ jrTGn„n„-mDgXr{D^sXr ''' (D,"X)-'= • • • . (3.17) 

ni,n2,-" 

^On the brane-antibrane, there are vertex operators without the boundary super field F. For 
that vertices, the discussion reduces to that of the previous subsection, so we do not treat those in 
the following. 
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The new part is T, F and FF. 

A popular example is a tachyon vertex operator. This corresponds to having 
ni = ^2 = • • • = 0 for the hrst line in (3.17), 


/B[r] = [drde (r[x]f + f [x]f) . 
J V 27r 


(3.18) 


So the general expression (3.17) includes the tachyon condensation as a particular 
case. The massless gauge fields on each D9-brane are also included. 

Now, the localization locus condition (3.1) is applied to the vertex operator (3.17) 
as before, to obtain the following expression 


7b 


locus 


J] fdr + gnAMiii’orF) + c.c. 

ni 

+ E [dT{dGnAXo]iiAor^^vn + GnAMAi^orAFfi + Fg)) . 

m 

(3.19) 


Since we are interested in a D9-brane charge, only the choice Ui = 0 is a candidate. 
(Other value of ni provides a creation of lower dimensional D-brane charge.) So 
dropping other terms gives® 


7b 


locus 


J] j dr {gr.,=o[Xo]F + c.c. + Gn,=o[Xo]iFn + Fg)) . 


(3.20) 


This term would be a possible term which can create the D9-brane charge. However, 
the first term is nothing but the tachyon coupling (3.18). The second term can be 
generated by a field redefinition of the tachyon T[X] (see the discussion in section 
2 in [5]). So, this (3.20) is not a massive excitation of the open string — it is 
merely a tachyon coupling, which has been already shown to be unable to produce 
an additional D9-brane RR charge.® 

This concludes a proof that a D9-brane charge cannot be generated by any 
condensation of massive excitation modes of open superstring in BSFT. 


4. General RR-coupling formula 

In the previous section, we have shown that the D-brane change cannot be created 
by any condensation of massive open strings. This applies only to the charge of the 
same kind of D-branes: In our previous cases those are D9-brane charges. On the 

®In the RR sector of the BSFT action, we need a supertrace, i.e. a factor [ 77 , 77 ] in the path 
integral measure for the 77 and fj integration [5]. 

®Since we assume the homogeneity for the D9-brane, the field 5 ni=o[Xo] needs to be a constant. 
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other hand, lower-dimensional D-brane charges can be easily created. Here we shall 
derive a generic RR-charge formula including any massive mode condensation, which 
generalizes the known RR charge formula originally written only with condensation 
of the massless and the tachyonic modes on the D-brane(s). 

4.1 General RR-coupling formula for a BPS D9-brane 

For the massless mode condensation the popular expression for the RR coupling in 
the D-brane action is the Chern-Simons term (or often called “Wess-Zumino term”), 



where with an odd integer p is the RR (p-|- l)-form, and F is the world volume 

gauge field strength which is 2-form. The integrand in (4.1) is chosen in such a way 
that the total degree of the form is equal to the world volume dimension of the D- 
brane (which is 10 for the case of the BPS D9-brane). In the course of generalizing 
this formula, we just look back how this (4.1) was derived. The boundary action 
(3.5) is precisely the origin of the formula. A nonzero scattering amplitude after the 
path integral of the fermion zero mode 'ipo requires an insertion of the RR vertex 

•••<'■ (4.2) 

SO that the total number of the fermion zero mode is 10 (and completely antisym¬ 
metric under the exchange in variables fij). 

Now, let us generalize the formula to include a condensation of the open string 
massive modes. The result of the localization for the worldsheet boundary action is 
already given by (3.14). More specifically, the nonzero contribution to /b after the 
localization comes only from a specific type of the open string excitation 

h = -ijdrde [X]D,X^ ■ ■ ■ D^X^^" , (4.3) 

where the indices /ii, • • • , Pn are mutually anti-symmetric. The integer n should be 
an odd integer for a BPS D9-brane, due to the GSO projection. The n = 1 case 
corresponds to the massless gauge field (3.3). The n = 3 case is a part of the first 
excited massive mode (3.6). Following the same logic for the fermion zero mode 
integration, we arrive at a generic formula 



Here in the exponent, is the 2m-form field strength of the open string massive 

mode (x), 

g{2m-l) ^ . ( 4 . 5 ) 
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The numerical factors in the formula will be determined in a more general study in 
the next subsection. 

The important point is that the RR coupling formula (4.4) is for all open string 
excitations. The open string fields appearing in the formula, with m = 

1,2,3,4, 5 are the only fields which can contribute to the RR charge. In particular, 
we have found that the open string excitations which can contribute to the RR charge 
is restricted to mass level 4. 

4.2 General RR-coupling formula for multiple D9-branes 

Next, we apply the same strategy for the D9-antiD9 pairs. We shall find that the most 
general RR coupling formula is written by the Quillen’s superconnection including 
higher form fields. 

Let us consider N D9-D9bar branes with N = 2”“h This system is realized by 
introducing the boundary auxiliary superfields F* where i = 1,... ,2n}^ The action 
with general fluctuations at the boundary is 

- J drde^irDer) + /B(r,x), (4.6) 

where Ib is a general boundary action. The boundary action Ib does not include 
DgT because F is an auxiliary field. Thus we can write Ib as 

lB = -iJ ,™(X)(D,X)"Q(D,)2x)’^^ • • • X (F)’", (4.7) 

where 

7lni,n„...;,n(X)(D0X)-Q(D0)2X)-^ • • • X (F)- 
X (T>0X'^iT>eX'^2 ... ) 

x{{DefX^^DgfX^"^ • • • {DgfX^^-2) ■ ■ ■ 

Here, Ib needs to be bosonic, thus H = 0 if 'na + m = 2Z + 1. This condition 

is nothing but the GSO projection. We also impose the reality condition: Ib* = —Ib 
in the Wick rotated world sheet action. 

We shall check infinitesimal gauge transformations to find a consistent non- 
Abelian nature of the boundary interaction written by F*. The gauge transformations 

generalization to the non BPS D9-branes in type IIA superstring theory is easily achieved 
by taking i = l,...,2n + l. Here we have moved to another notation for the gamma matrices 
for convenience. For n = 2, they are related to the previous ones as F = (l/2)(r^ + iT^) and 

f = (l/2)(ri -iW). 
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are generated by adding the following general total divergence term to the bonndary 
action, 


0 = -i j drdODe • • • x (F)-) 

= -^ y drde DeX^iDey^r ''' (r)"^ 

+Xnun„-;mDeiiD0Xr---)iTr 

+ {-irXn,,n,,.-,m{D0XnDeXr^ • • • X D,(r)"^ ), (4.9) 


where - gauge transformation parameters with the appropriate re¬ 

ality conditions and the following condition: A = 0 if X]a=odd^a + m = 2 Z. The 
last term has Dq acting on F. In order to maintain the usnal kinetic term for the 
auxiliary superfields F, we need to redefine them as follows: 


r' = P + 2z (A„,,„ 2 ,-;-(X)(D^X)-HD,X)-^ • • • X (F)-). 
This field redefinition induces the following terms which are linear in A: 


-2i 




(4.10) 


(4.11) 


However, this is a naive expression because we need to consider composite operators 
by the nonzero correlators between T’s. Taking this effect into account, instead of 
(4.11), we will have 


z[A, ^4] = i(A * A — A* X)^ 


(4.12) 


where * represents the fermionic *-prodnct defined in [15]. Thus, the gauge trans¬ 
formation is given by 


A —y A dX -|- i[A, A'j e(A), 


(4.13) 


where 


e(A) = A,„, 2 ,- ■,mD0 {{DeXr ■■■) (F)"*. (4.14) 

By the localization, only the fields with = 0 (a > 1) remain. The remaining 
fields precisely form the Quillen’s superconnection A. We will represent it as follows: 

A = . . . dx'^n^kl . . . (4.15) 

where we have replaced F^ to 7 ^ which is the gamma matrix and DqX^ to dx^. The 
gauge transformation parameter is also given by 

A = X’^^Y^X^dx^^ ■ • • dx^”-f^^ ■ ■ ■ 7 ^*". (4.16) 
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Then, the gauge transformation for the remaining fields is given by 


^ —y + dX + z [ A, . 


(4.17) 


Here the commutator using the fermionic ^-product is identified as the supercom¬ 
mutator. The field strength defined by 


jr = = dA- 


(4.18) 


where = d—iA, and T is transformed as —)■ J^]. We see that Str(/(J^)) 

is gauge invariant where Str is the supertrace for the superconnection. 

Now, from the result for the BPS D-brane, it is almost clear that the cylinder 
partition function, which is the RR coupling of the D-branes and should be gauge- 
invariant by definition, is given by 


Z = 2-^M A Str(e2’^*-^) 


(4.19) 


p=odd 


where we have replaced by {—i)dx^, and J\f is the overall normalization, which 
will be fixed to V = 2^ Tog. This (4.19) is written by the super field strength of the 


superconnection, and our final result for the general Ramond-Ramond coupling of 
the D9-antiD9 branes. 

We can derive the RR coupling (4.19) explicitly, as follows. The boundary action 
which will survive after the localization can be written as 




/ 



For the evaluation of the F integral, we can use the identity shown in [15] 




where M(r) = Mo(r) -|- 0Mi{T) in which only the superfield X was decomposed to 


the component fields. Here the r.h.s of (4.21) is represented by the corresponding 
gamma matrix and P represents the path-ordering. Using this with the zero mode 
reduction by the localization, we have = iA{Xo + i9'ipo,i'^o) = iA^XoAi’o) — 


Oi/jQ-^AiXoAi^o) and 



(4.22) 


Therefore the general RR coupling formula is given by (4.19). 

The expression (4.19) is consistent with the charge quantization, because the 


integral of Chern character of the super connection, Strexp(^), will be quantized. 
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With the help of the relation among D-brane tensions T£)(j,_ 2 )/Tdp = one can 
show that the D-brane charge is quantized with our general result (4.19). 

In the RR coupling formula (4.19) the terms appearing in the exponent may 
look different from the standard normalization. This is just due to the convention. 
If we replace by \^dx^ (instead of the previous {—i)dx^), the RR coupling is 
rewritten by a formula with a more familiar Chern-Simons couplings as 

5rr(= Z) = Tn9jc a Str(e""-^), (4.23) 

where 

T = J^(-2z) V (4,24) 

n 

Here jr(n+i) jr(n+i) _|_ i)_form. Note that this replacement of 

dx^ does not affect the result except for a change of the overall constant, because 
(4.19) contains the volume form only. In this formula we can see that the overall 
normalization is correct. 

This ^ can also be considered as the field strength of a supperconnection. Indeed, 
with 

A = J2{-2i)"-^A„, A = 5^(-2i)!A„, (4.25) 

n n 

where A = An, A = A„, we have T = i{d — iAY and the gauge transforma¬ 

tion is given by ^ ^ ^ dA -|- z[A, A^. 

Let us examine the reality condition. First, from the reality condition of the 
boundary action, we find a Hermiticity condition 

(-45:::: i:)' = ( 4 . 26 ) 

where we have used n -|- m = 2Z -|- 1 and also the following manipulation 

(U)t = ( 4 . 27 ) 

Now we consider the p-form valued 2^ x 2 ^ matrix 

-4 = .4j;;::;‘:...7‘" = {AiT(X) ~AAX)) ’ 

where in the r.h.s. of the equation we decomposed it to 2'^~^ x 2'^~^ matrices. With 
this decomposition, we find^^ 

_ = f (4.29) 

^^Let us explain how we take the conjugate of (4.28). We have (^^i • • • = 

jki . . . ^km = (dx^^ • • • dx^'^) = {dx^'^ • • • — . So, 

in total, together with (4.26), the conjugate of the l.h.s. of (4.28) provides a factor ( —1)-^ with 
/ = n+l+(n+m—l)/2+m(m—l)/2+n(n—1)/2. Noticing that / = (n+l)+(n—l)(nH-l)/2+m^/2 = 
1 + n + n^/2 + (m — l)(m + l)/2, we find / is even (or odd) when (m,n) =(even, odd) (or (odd, 
even)). Therefore, the diagonal component (where odd forms appear) in the r.h.s. of (4.28) 
should be Hermitian, while —iT and —iT (which are even forms) are related as {—iT)^ = TiT. 
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with the following definition of the conjugate which acts on the forms, 




(4.30) 


Let ns write a more explicit form of the RR coupling formula. As explained in 
[4], choosing an off-diagonal basis for gamma matrices, the matrix multiplication rule 
is given by 


/A B\ /A' B'\ _ (AA' + {-f'BC AB' + {-)^'BD'\ 
\C DJ VC" D'J ~ V(-)^'CA' + DC {-Y'CB' + DD'J ’ 


where (—)"^ is +1 or —1 if A is bosonic or fermionic, respectively. (Here dx'^ is treated 
as a fermion, but 7 ^ is treated as a boson.) Thus we have 


2m B 


2 m (d.4. — lA?) 

(-TT ^i{dA+ -iA+A+) df -iA+f + ifA- \ 
^V dT-i^-T + zTA+ -Tf+ i{<\A--lA-A-)) ' 


(4.32) 


The RR coupling formula (4.19) is written with this curvature B of the supercon¬ 
nection, and here we provide an explicit form of iB as 


-TT + z(dA+ - lA-^A-^) 

+i (d^y - A A - f (2) A 

+i (dAj^ - A - iAf A j - fA A 2-(2) 

+ • • • , (4.33) 

dT - iA-Td- iTA+ 

= dT(°) - ay A a 

+dT(2) - A a - ay a A ^y 

+ •••, (4.34) 


where represents the n-form part. Substitution of these expression explicitly 
with Str(=t:) = Tr((T 3 (=t:)) provides the RR coupling. 

Instead of A, we can use A, which may be more physical. For this, it would be 
more convenient to use following another definition of the conjugate acting trivially 
on the forms: {dx^^ ■ ■ ■ dx^’^y = {dx^^ ■ ■ • dx^’^). With this and the non-trivial factor 
appeared in the transformation from A to A, we see that 

(i^)^ = = T (4.35) 


for 


A = Ayy:jy^(X)dx^^ • • • • • • 7 ^’ 


/ A+(X) ilf(X)\ 
[ilt(X) A-(X)) ■ 


(4.36) 
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The generalization to the Dp-antiDp brane system can be done following [5, 
15] with the T-dualized formula. In this system the RR-charges are known to be 
generated by the ascent relation [50, 51] by the tachyon condensation and there 
would be analogue of this for the massive fields. Our RR-charge formula is written 
using the supercommutator which can be generalized to arbitrary numbers of Dp- 
branes and anti Dp-branes, in particular, which include the system with the BPS 
Dp-branes only. The validity of this procedure can be shown by taking the some D- 
branes infinitely far away or considering the infinitely many D-anti-D-brane system 
realized by the Gamma matrix of S'O(oo) with the tachyon condensation which gives 
any number of D-branes. Note that, of course, restricting the super connection A to 
its upper-left corner, we trivially reproduce the (the non-Abelian generalization of) 
RR coupling formula (4.4) of the BPS D-brane. 

5. Summary and discussion 

In this paper, we found the most general RR coupling formula of D-branes. We 
allowed arbitrary number of insertions of all massive excitations of open superstring 
theory. The worldsheet theory is the 2-dimensional J\f = (1,1) supersymmetric field 
theory with free chiral multiplets. The worldsheet was taken to be a cylinder, and 
at one boundary we considered arbitrary boundary deformations preserving a half of 
the supersymmetries, and the other boundary corresponds to the Ramond-Ramond 
bulk vertex. The localization technique is powerful enough to evaluate the cylinder 
partition function with these boundary conditions, and it is nothing but the RR 
coupling formula in view of boundary superstring field theory (BSFT). 

We considered BPS D9-branes and also the case of pairs of a D9 and an antiD9. 
In either case, the RR charge formula is written in a simple manner with Quillen’s su¬ 
perconnection, (4.19). Interestingly, only a finite number of massive excitation fields 
can enter the formula, and the resultant Chern characters of the superconnection 
can make sure the RR charge quantization. 

We have used a cylinder worldsheet, instead of a disk worldsheet which has been 
commonly used in BSFT. Instead, we used the infinitely long cylinder which is an 
alternative flat worldsheet, to formulate the off-shell supersymmetries consistent with 
the standard worldsheet theory. In any case, the shape of the worldsheet does not 
give physical difference for the result, since normally the deformation of the shape 
should correspond to a field redefinition on the worldsheet boundary fields. 

In this paper we concentrated on the RR coupling formula. From the viewpoint 
of the BSFT, equally important action is for the Neveu-Schwarz Neveu-Schwarz 
(NSNS) sector which describes couplings of all the off-shell open superstring modes 
to the bulk gravity. To describe the NSNS sector, one needs a different quantization 
of fermion fields on the worldsheet. 
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We showed also that it is impossible to create of a D9-brane by a condensation 
of massive modes on a BPS D9-brane or on a D9-antiD9 pair. Our observation is in 
a good contrast with a recent report [52] on multiple D-brane solutions in cubic open 
string field theory [53] . Since no good relation (field redefinition) between the BSFT 
and the cubic open string field theory, it is plausible that the theory configuration 
space allowed for each theory is different from the first place.It would be interesting 
to find out where the discrepancy comes from, and a more precise understanding of 
the off-shell configuration space of superstring theory. 

Our most general Ramond-Ramond coupling formula is written by higher form 
fields. It is interesting that the higher Chern characters of massless gauge field 
strengths are combined with the higher form fields on an equal footing. Our work 
showed for the first time that the open string higher forms, which are massive ex¬ 
citations, are relevant to extended objects in string theory — D-branes. In view of 
recent progress on generic study of higher form fields [54], it is important to study 
the higher structure of open string theory further. 

Acknowledgments 

S. S. would like to thank Satoshi Yamaguchi for discussions. S. T. would like to thank 
Shigeki Sugimoto for a useful comment. The work of K. H. is partially supported by 
the RIKEN iTHES project. The work of S. S. is supported by the JSPS Eellowship 
for Young Scientists. The work of S. T. is partly supported by JSPS KAKENHI 
Grant Number 23740189. 

References 

[1] J. Polchinski, “Dirichlet Branes and Ramond-Ramond charges,” Phys. Rev. Lett. 75, 
4724 (1995) [hep-th/9510017]. 

[2] M. Li, “Boundary states of D-branes and Dy strings,” Nncl. Phys. B 460, 351 (1996) 
[hep-th/9510161]. 

[3] M. R. Douglas, “Branes within branes,” In *Cargese 1997, Strings, branes and 
dualities* 267-275 [hep-th/9512077]. 

[4] P. Kraus and F. Larsen, “Boundary string field theory of the D anti-D system,” 

Phys. Rev. D 63, 106004 (2001) [hep-th/0012198]. 

[5] T. Takayanagi, S. Terashima and T. Uesugi, “Brane - anti-brane action from 
boundary string field theory,” JHEP 0103, 019 (2001) [hep-th/0012210]. 

can think a BPS D-brane as a configuration in the infinitely many D9-antiD9-brane pairs 
with the nonzero tachyon. Then, in this point of view, a creation of the any number of D9-branes 
can be possible in the BSFT. 


19 



[ 6 ] E. Witten, Background Independent Open-String Field Theory, Phys.Rev. D46 
(1992) 5467 [hep-th/9208027]; ‘Borne Computations in Background Independent 
Open-String Field Theory, Phys.Rev. D47 (1993) 3405 [hep-th/9210065]; 

S. L. Shatashvili, “Comment on the Background Independent Open String Theory, 
Phys.Lett. B311 (1993) 83 [hep-th/9303143]; “On the Problems with Background 
Independence in String Theory, [hep-th/9311177]. 

[7] D. Kutasov, M. Marino and G. Moore, “Remarks on Tachyon Condensation in 
Superstring Field Theory,” [hep-th/0010108]. 

[ 8 ] M. Marino, “On the BV formulation of boundary superstring field theory,” JHEP 
0106 (2001) 059 [hep-th/0103089]; 

V. Niarchos and N. Prezas, “Boundary Superstring Field Theory,” Nucl.Phys. B619 
(2001) 51 [hep-th/0103102]. 

[9] O. D. Andreev and A. A. Tseytlin, “Partition Function Representation for the Open 
Superstring Effective Action: Cancellation of Mobius Infinities and Derivative 
Corrections to Born-Infeld Lagrangian,” Nucl.Phys. B311 (1988) 205. 

[10] A. Sen, “Tachyon Condensation on the Brane Anti-Brane System,” JHEP 9808 
(1998) 012 [hep-th/9805170]. 

[11] A. Sen, “Descent Relations among Bosonic D-branes,” Int. J. Mod. Phys. A 14, 4061 
(1999) [hep-th/9902105]. 

[ 12 ] A. Sen, “Non-BPS States and Branes in String Theory,” [hep-th/9904207]. 

[13] A. Sen, “Universality of the Tachyon Potential,” JHEP 9912 (1999) 027 
[hep-th/9911116]. 

[14] A. Sen, “Tachyon dynamics in open string theory,” Int. J. Mod. Phys. A 20, 5513 
(2005) [hep-th/0410103]. 

[15] T. Asakawa, S. Sugimoto and S. Terashima, “Exact description of D branes via 
tachyon condensation,” JHEP 0302 (2003) 011 [hep-th/0212188]. 

[16] K. Hashimoto and S. Terashima, “Boundary string field theory as a field theory: 
Mass spectrum and interaction,” JHEP 0410, 040 (2004) [hep-th/0408094]. 

[17] K. Hashimoto and M. Murata, “A Landscape in Boundary String Field Theory: New 
Class of Solutions with Massive State Condensation,” PTEP 2013, 043B01 (2013) 
[arXiv: 1211.5949 [hep-th]]. 

[18] V. Pestun, “Localization of gauge theory on a four-sphere and supersymmetric 
Wilson loops,” arXiv:0712.2824 [hep-th]. 

[19] E. Witten, “Topological Quantum Field Theory,” Commun. Math. Phys. 117 (1988) 
353. 


- 20 - 



[20] N. A. Nekrasov, “Seiberg-Witten prepotential from instanton counting,” Adv. 

Theor. Math. Phys. 7 (2004) 831 [hep-th/0206161]. 

[21] A. Kapustin, B. Willett and 1. Yaakov, “Exact Results for Wilson Loops in 
Superconformal Chern-Simons Theories with Matter,” JHEP 1003, 089 (2010) 
[arXiv:0909.4559 [hep-th]]. 

[22] D. L. Jafferis, “The Exact Superconformal R-Symmetry Extremizes Z,” 
arXiv: 1012.3210 [hep-th]. 

[23] N. Hama, K. Hosomichi and S. Lee, “Notes on SUSY Gauge Theories on 
Three-Sphere,” JHEP 1103, 127 (2011) [arXiv:1012.3512 [hep-th]]. 

[24] N. Hama, K. Hosomichi and S. Lee, “SUSY Gauge Theories on Squashed 
Three-Spheres,” JHEP 1105, 014 (2011) [arXiv:1102.4716 [hep-th]]. 

[25] G. Festuccia and N. Seiberg, “Rigid Supersymmetric Theories in Curved 
Superspace,” JHEP 1106, 114 (2011) [arXiv:1105.0689 [hep-th]]. 

[26] Y. Imamura, “Relation between the 4d superconformal index and the partition 
function,” JHEP 1109 (2011) 133 [arXiv: 1104.4482 [hep-th]]. 

[27] J. Kallen and M. Zabzine, “Twisted supersymmetric 5D Yang-Mills theory and 
contact geometry,” arXiv: 1202.1956 [hep-th]. 

[28] K. Hosomichi, R. -K. Seong and S. Terashima, “Supersymmetric Gauge Theories on 
the Five-Sphere,” arXiv: 1203.0371 [hep-th]. 

[29] F. Benini and S. Cremonesi, “Partition functions of N=(2,2) gauge theories on S‘^ 
and vortices,” arXiv: 1206.2356 [hep-th]. 

[30] N. Doroud, J. Gomis, B. Le Floch and S. Lee, “Exact Results in D=2 
Supersymmetric Gauge Theories,” arXiv:1206.2606 [hep-th]. 

[31] T. Kawano and N. Matsumiya, “5D SYM on 3D Sphere and 2D YM,” 
arXiv: 1206.5966 [hep-th]. 

[32] J. Kallen, J. Qiu and M. Zabzine, “The perturbative partition function of 
supersymmetric 5D Yang-Mills theory with matter on the five-sphere,” 
arXiv: 1206.6008 [hep-th]. 

[33] H. -C. Kim and S. Kim, “M5-branes from gauge theories on the 5-sphere,” 
arXiv: 1206.6339 [hep-th]. 

[34] N. Hama and K. Hosomichi, “Seiberg-Witten Theories on Ellipsoids,” 
arXiv: 1206.6359 [hep-th]. 

[35] S. Terashima, “On Supersymmetric Gauge Theories on x 5^,” Phys. Rev. D 89 
(2014) 125001 [arXiv:1207.2163 [hep-th]]. 


- 21 - 



[36] Y. Asano, G. Ishiki, T. Okada and S. Shimasaki, “Exact results for perturbative 
partition functions of theories with SU(2—4) symmetry,” JHEP 1302 (2013) 148 
[arXiv: 1211.0364 [hep-th]]. 

[37] T. Nosaka and S. Terashima, “Supersymmetric Gauge Theories on a Squashed 
Four-Sphere,” JHEP 1312 (2013) 001 [arXiv: 1310.5939 [hep-th]]. 

[38] S. Terashima, “A Localization Computation in Confining Phase,” arXiv: 1410.3630 
[hep-th]. 

[39] S. Sugishita and S. Terashima, “Exact Results in Supersymmetric Field Theories on 
Manifolds with Boundaries,” JHEP 1311, 021 (2013) [arXiv: 1308.1973 [hep-th]]. 

[40] D. Honda and T. Okuda, “Exact results for boundaries and domain walls in 2d 
supersymmetric theories,” arXiv:1308.2217 [hep-th]. 

[41] K. Hori and M. Romo, “Exact Results In Two-Dimensional (2,2) Supersymmetric 
Gauge Theories With Boundary,” arXiv: 1308.2438 [hep-th]. 

[42] Y. Yoshida and K. Sugiyama, “Localization of 3d A/” = 2 Supersymmetric Theories 
on X arXiv: 1409.6713 [hep-th]. 

[43] D. Quillen, “Superconnections and the Chern character,” Topology 24 89-95 (1985). 

[44] N. Berline, E. Getzler and M. Vergne, “Heat kernels and Dirac operators,h 
Springer-Verlag (1991). 

[45] C. Kennedy and A. Wilkins, “Ramond-Ramond couplings on Brane - anti-Brane 
systems,” Phys. Lett. B 464, 206 (1999) [hep-th/9905195]. 

[46] D. Kutasov, M. Marino and G. W. Moore, “Remarks on tachyon condensation in 
superstring field theory,” hep-th/0010108. 

[47] J. A. Harvey, D. Kutasov and E. J. Martinec, “On the relevance of tachyons,” 
hep-th/0003101. 

[48] A. A. Tseytlin, “Sigma model approach to string theory effective actions with 
tachyons,” J. Math. Phys. 42, 2854 (2001) [hep-th/0011033]. 

[49] E. Witten, “D-branes and K theory,” JHEP 9812, 019 (1998) [hep-th/9810188]. 

[50] T. Asakawa, S. Sugimoto and S. Terashima, “D-branes, matrix theory and K 
homology,” JHEP 0203 (2002) 034 [hep-th/0108085]. 

[51] S. Terashima, “A Construction of commutative D-branes from lower dimensional 
nouBPS D-branes,” JHEP 0105 (2001) 059 [hep-th/0101087]. 

[52] T. Frier and C. Maccaferri, “String Field Theory Solution for Any Open String 
Background,” JHEP 1410, 29 (2014) [arXiv: 1406.3021 [hep-th]]. 


22 



[53] E. Witten, “Noncommutative Geometry and String Field Theory,” Nucl. Phys. B 
268, 253 (1986). 

[54] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, “Generalized Global 
Symmetries,” arXiv:1412.5148 [hep-th]. 



